Abstract. We give explicit formulae for sums of even powers of secant and cosecant values in terms of Bernoulli numbers and central factorial numbers.
Introduction
We derive explicit formulae for the secant sum This research is inspired by the paper [2] , where such formulae were given for m ≤ 6. Our approach, which uses contour integrals and residues, produces such formulae quite effortlessly for any m. The main contribution of the present paper is the identification of the occurring coefficients as "classical" combinatorial quantities such as central factorial numbers and Bernoulli numbers.
Contour integrals and residues
We consider the secant sum first and start with the contour integral
where R T is the rectangle with corners −
2N
Thus we have
by the residue theorem. From this we derive
In [4] the Bernoulli-Nörlund polynomials are introduced by the relation
We specialise ω 1 = · · · = ω k = 2i, x = ki, and t = πz to obtain
n (ki; 2i, . . . , 2i) and observing that P
We have
Notice that
Thus it is natural to distinguish two cases according to the parity of N.
From [3] we have
Then for even N we have
and for odd N
Summing up, we have for even N
Equation ( 
For the cosecant sum, we start with the contour integral
which is again zero and, by summing residues, leads to the equation
We observe that
equals the residue that we already calculated for S 2m (N) and N even. Thus we have
Computing P (2m) 2n
In this section we want to have a closer look at the Laurent series expansion of sin −2m πz. Our approach is somewhat similar to the one used in [1] .
We start with the expansion (5). Differentiating yields
This gives P
(2)
Differentiating sin −2m πz twice yields
We now write
where H 2m is the principal part around z = 0 and R 2m denotes the regular part. Since differentiation preserves principal and regular parts, (11) gives
which gives the recursion (setting b
This recursion shows that the numbers b
are given by
Thus they are closely related to the central factorial numbers t(n, k) studied in [5, p. 213 ]:
and a similar expression for odd first argument. This gives b (2m) 2ℓ
= (−1) ℓ+m t(2m, 2ℓ). We notice that the polynomials in (15) appear mutatis mutandis in [2] as differential operators. These operators are used to model the recursion (13).
In Table 1 we computed the values b
for small values of m. We now consider the Mittag-Leffler expansion
Expanding the last sum into a power series and using (12) yields
where we have used ζ(2k) = (−1)
. This gives 
Inserting this into (6) and (7) 
